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Abstract 



We study the holographic dark energy model in a generalized scalar tensor theory. 
In a universe filled with cold dark matter and dark energy, the effect of potential of 
the scalar field is investigated in the equation of state parameter. We show that for a 
various types of potentials, the equation of state parameter is negative and transition 
from deceleration to acceleration expansion of the universe is possible. 
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1 Introduction 

It is strongly believed that our universe is in a phase experiencing an accelerated expansion. 
The recent observations regarding the luminosity-redshift relation of type la supernovae [1] 
in association with observations on Cosmic Microwave Background Radiation [2] demonstrate 
this cosmic acceleration. The simplest candidate to produce this cosmic speed-up is the cosmo- 
logical constant, the energy density associated with quantum vacuum. However, there are at 
least two problems for associating cosmic acceleration with the cosmological constant. Firstly, 
theoretical estimates on its value are many order of magnitude larger than observations [4]. 
Secondly, it is simply a constant, namely that it is not diluted with expansion of the uni- 
verse. This latter is specifically important in the sense that there are observational evidence 
[5] demonstrating that the cosmic expansion is a recent phenomena and the universe must 
have passed through a deceleration phase in the early stages of its evolution. This deceleration 
phase is important for successful nucleosynthesis as well as for the structure formation. We 
therefore need a field evolving during expansion of the universe in such a way that its dynam- 
ics makes the deceleration parameter have a signature flip from positive in the early stages of 
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matter dominated era to negative in the present stage. 

This fact has motivated people to consider many dynamical models trying to explain the cos- 
mic acceleration. Among these models there are those that assumes a mysterious cosmic fluid 
with sufficiently large and negative pressure, dubbed dark energy. These models are usually in- 
voked a scalar field which during its evolution takes negative pressure by rolling down a proper 
potential. There is a large class of scalar field models in the literature including, quintessence 
[6], k-essence [7], tachyons [8] , phantom field [9], quintom [10] , and so forth. However, most of 
these models are not compelling enough and require fine tuning of parameters to be consistent 
with observations. 

There is another proposal, first formulated by 't Hooft and Susskind [11], which recently has 
attracted much attention as a possible solution to the dark energy problem. The basic idea, 
dubbed holographic principle, is that the number of degrees of freedom of a physical system 
scales with its bounding area rather than with its volume. For an effective quantum field 
theory in a box of size L with an ultraviolet (UV) cutoff A, the entropy S scales extensively 
as S ~ L 3 A 3 . However the peculiar thermodynamics of black holes has led Bekenstein [12] to 
postulate that the maximum entropy in a box of volume L 3 behaves non-extensively, growing 
as the area of the box. In this sense there is a so-called Bekenstein entropy bound 

S = L 3 A 3 < S BH = *L 2 M 2 (1) 

where Sbh is the entropy of a black hole of radius L, and M p = (8itG)~^ stands for the reduced 
Planck mass. It is important that in this relation the length scale L providing an Infrared (IR) 
cutoff is determined by the UV cutoff A and can not be chosen independently. However such 
a non-extensive scaling law seems to provide a breakdown of quantum field theory at large 
scales. To reconcile this breakdown with the success of local quantum field theory in describing 
observed particle phenomenology, Cohen et al. [13] proposed a more restrictive bound. Since 
the maximal energy density in the effective theory is of the order = A 4 , requiring that the 
energy in a given volume not to exceed the energy of a black hole of the same size results in 
the constraint 

L 3 p A < LM 2 (2) 

If we take the largest value of the length scale L as the IR cutoff saturating the inequality (2), 
we then obtain the holographic dark energy density 

Pa = Sc 2 M 2 L~ 2 (3) 

in which 3c 2 is a numerical constant. It is interesting to note that if the length scale L is 
characterized by the size of the universe, the Hubble scale if -1 , then equation (3) gives a 
vacuum energy density of the right order of magnitude consistent with observations [13]. It is 
however pointed out that this yields a wrong equation of state parameter for dark energy, and 
other possible values for L should be chosen such as the size of the future event horizon [14]. 
This conclusion is, however, based on the assumption of an independent evolution of energy 
densities of dark energy and dark matter. It is shown [15] that, if there is any interaction 
between these two components the identification of L with H" 1 is possible and the equation 
of state parameter indicates late time acceleration. In a recent work [16], an interacting holo- 
graphic dark energy is studied in Brans-Dicke theory. It is shown that in this framework there 
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is a noninteracting limit and for a given set of parameters the equation of state parameter 
can be negative. Here we would like to generalize this work to the Brans-Dicke theory with a 
self-interacting potential. We shall assume that the matter contained in the universe consists 
of cold dark matter and an interacting holographic dark energy. We show that the potential 
term improves the behavior of the set of parameters. In particular, for a zero potential term 
the late time acceleration constrains the evolution of the gravitational coupling in the Brans- 
Dicke theory in such a way that it is only allowed to increase with expansion. It is certainly 
unnatural if dynamical evolution of the scalar field would lead to this undesirable situation 
of going through an infinitely strong gravitational effect. We shall show that this behavior is 
improved for a nonzero potential. 

This paper is organized as follows: In section 2, we first consider late time acceleration based 
on holographic principle in a generalized scalar-tensor theory. We assume that the matter 
contained in the universe consists of cold dark matter and holographic dark energy. Here these 
two types of matter are not conserved separately due to an interaction. As special cases, we 
then consider the limits of the model in general relativity and Brans-Dicke theory with poten- 
tial. In the first parametrization (general relativity), we show that there is a non-interacting 
limit in the spatially curved Robertson- Walker spacetime. In the Brans-Dicke parametrization, 
we specifically study the effect of the potential of the scalar field in the behavior of equation 
of state parameter and the deceleration parameter. In section 3, we offer some concluding 
remarks. 



2 The Model 

We consider a model in which gravity is described by a scalar-tensor theory. The most general 
action functional for these theories is given by ' 

S= l -J d A x^-g {F(4>) R + U{<t>) g^V^V^ + V (</>)} + S m (g^) (4) 

where S^g^) is the matter field action, g is the determinant of the metric (? M „, R is the Ricci 
scalar and the functions F(<p), U{<f>) and V((f>) are arbitrary functions of the real scalar field <fi. 
The only constraint on these functions is that F((f>) > ensuring that graviton carries positive 
energy [17]. We also note that the matter action does not involve <fi which means that the 
whole theory respects the weak equivalence principle [18]. 
Variations with respect to g^ u and <p gives the field equations 

F(0)G M ,= (T^ + Tt) (5) 



2U{<j>)U<j> + 2V 7 C/(0)V 7 - ^V 7 0V> + ^R - = (6) 

d<p a<p dq> 



tQur sign convention is (-+++) and we work in units in which U = c = 1. 
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where 



It = umv^VA - ^V>V a 0) + (V M V, - g, v U)F{4>) - \g^V^) (7) 

In a cosmological context, we take T^ u to consists of two interacting components, a pres- 
sureless dark matter and a holographic dark energy. Since both components do not evolve 
independently, a source (or loss) term must enter their energy balances 

p m + 3Hp m = Q (9) 

Pa + 3-ff (1 + c^a)pa — —Q (10) 

where p m is energy density of matter and wa = ^ is equation of state parameter of dark 
energy. Following [15] we take the interaction term Q as a decay process Q = Tp^ with T 
being an arbitrary decay rate. If T > 0, dark energy decays into the dark matter. Here we do 
not concern with the details of this decay process and do not answer the question that where 
exactly the dark energy is going to, see for instance [19] and references therein. 
We specialize to Friedman-Robertson- Walker spacetime which is given by 

dv 2 

ds 2 = -dt 2 + a 2 {t){ , - + r 2 {d6 2 + sin 2 V)} (H) 
1 — kr 2 

in which a(t) is the scale factor and the spatial curvature k — 0, — 1, 1 corresponds to flat, open 
and closed universes. For this metric and the aforementioned matter and energy components, 
the equations (5) can be written as 



3F(H 2 + -) = (p m + Pa) + -U(f> 2 - 3HF + -V (12) 

CI Zi Zi 

F(3H 2 + 2H+^) = -p A - Ujft — F — 3HF + l -V (13) 

where H is the Hubble parameter defined by H = -. Note that the field equation of 4> is not 
independent of equation (5) and the energy balances (9) and (10). 



2.1 The spatially flat case 

We intend now to obtain the equation of state parameter uj\ for a spatially flat spacetime, 
k — 0. We first choose the Hubble horizon as the IR cutoff, i.e., L = H~ x . In this case the 
relation (3) takes the form 

Pa = 3c 2 M 2 H 2 (14) 

For mathematical convenience, we shall assume that F{(f>) = <p a in which a is a constant 
parameter. Following [16] and [20], we then restrict our analysis to the class of solutions for 
which the scalar field evolves as a power law of the scale factor <p oc a n with n being a constant*. 

■fin principle, there is no physical reason for this choice and we find it mathematically convenient. 
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Now, by combining these expressions for <p and F(<fi) with equations (12), (13) and (14) and 
using (9), we obtain 

(an + 2)^ - an(2an + 3) + VH- 2 ^ a -n 2 U(p~ a+2 
— (1 + r) 3 [ an _ ( an + 2 )r] - n 2 U<p- a + 2 - VH- 2 ^ (15) 

where r = This relation clearly implies that o>a is not necessarily a constant and can take 
negative values. The latter only sets some bounds on the numerical values of a, n and also 
possible dependence of U and V on </> § . Before making a closer look at (15), let us write the 
deceleration parameter q = —(1 + jp). To this end, we combine (13) and (14) which gives 

q = 1 [1 + an(an + 2) + (3c 2 M 2 uj a + \n 2 \J<fi - )-V H' 2 )^] (16) 
{an + 2) 2 2 

Note that g depends on T and r through the equation of state parameter u>\. To investigate the 
role of the functions U((f>) and V((f>) on the evolution of the parameters uja and q, we consider 
two special cases : 

1) when n is zero the scalar field becomes trivial and takes a constant configuration. In this 
case if we set V = and F = (87rG) _1 , the action (4) reduces to the Einstein-Hilbert action. 
Thus, this is the limit of the model to general relativity. At this limit, the equation (15) 
reduces to 

<* = -<i + ;>4 < 17 > 

which is the result obtained in [15]. When there is no interaction, namely T = 0, then ua = 
and there is no late time acceleration. This dustlike equation of state was the basic problem 
that leads Li [14] to take the future event horizon rather than the Hubble radius as the IR 
cutoff. Moreover, the deceleration parameter (16) also reduces to 

? = ^l-3c 2 M p 2 (i + ^] (18) 

in which we have used (17). Thus, q = \ > when T = and, as previously stated, there is 
no non-interacting limit. 

2) the parametrization a = 1 and U{4>) — f corresponds to the Brans-Dicke model with a 
scalar field potential. In this case, the relation (15) reduces to 

(n + 2)l-(2n + 3)n-n 2 u + V(<P)H- 2 r 1 , . 

A 3{n-(n + 2)r]-n 2 u-V(<j))H- 2 <j)- 1 1 } 

This implies that uja can take negative values when 

(n + 2)^ + ^l > (2n + 3)n + n 2 uj (20) 
ti <pH z 

3(n + 2)r + n 2 uj+ ] ^l>3n (21) 



Ht should be pointed out that every couple (a, n) does not correspond to a real solution in this model. 
Moreover, one should in general consider n(a). See, for example, [21]. 
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or the reversed direction for the both inequalities. These conditions clearly depend on numer- 
ical values of T, uj and n as well as the potential V(4>). When V(<p) = 0, the above inequalities 
set constraints on the decay rate of the dark energy into the dark matter. For a nonzero po- 
tential, on the other hand, we can consider more solutions of the field equations in which the 
set of parameters satisfies the inequalities (20) and (21). For instance, for a quartic potential 
[22] V(<p) ~ 4 , the potential term ^ increases with time so that at late times it dominates 
the conditions (20) and (21) 1 . 

In this parametrization, deceleration parameter (16) reduces to 

q = —^—Al + n(n + 2) + \n 2 uj + 3c 2 M p W _1 - j^(0)irV _1 } (22) 
(ri + 2) 2 y 2 

The signature flip of the deceleration parameter from positive to negative values depends cru- 
cially on the evolution of the negative term in (22). At the first glance, it seems to be important 
that whether the scalar field increases or decreases with time, namely that n > or n < 
respectively. However, the both cases may actually happen if the potential function in the last 
term on the right hand side of (22) has an appropriate functional form. In fact, for a suitably 
chosen potential this term may be set to increase with cosmic time regardless of the sign of 
n. For instance, for n > a power law [22] and for n < an inverse power law [24] potentials 
make the negative term of (22) be an increasing function of time. In this case, at early times 
the potential term is negligible and the deceleration parameter is effectively positive whereas 
at late times it grows and dominates so that q changes its sign. 

The fact that the both cases n > and n < may fit the deceleration parameter with observa- 
tions, is an improvement with respect to the case of zero potential function. In that case, there 
is no transition from deceleration to acceleration phase unless n < or <f> being a decreasing 
function of time [16]. 



2.2 The spatially curved cases 

Although it is a general belief that the universe is spatially flat, the spatial curvature may 
still have contribution to the field equations if the number of e-foldings is not very large. In 
fact, recent observations [23] favor the spatial curvature and imply that the effect of the latter, 
though much smaller than other energy components, can not be completely ruled out. 
For k 7^ 0, the equations (15) and (16) generalize to 

(an + 2)J- - an(2an + 3) + VH- 2 (p- a - n 2 U<p- a+2 -2tt k 
UJA -( 1 + r > 3[cm - (an + 2)r] - n 2 U<j)- a+2 - VH- 2 (f)' a + 6tl k (23) 

[l + an( y an + 2) + n k + ( y 3c 2 M 2 u A + l-n 2 U(f) 2 -]-VH~ 2 )(j)- a ] (24) 



* (an + 2) 1 v ' K y p " 2 r 2 

where Q k — aJjp- To explore the consequences of these equations, let us write them in the two 
special cases considered above. Firstly, in the limit to general relativity, (23) and (24) reduce 



^We assume that n > 0. For n < 0, one may consider an inverse power law potentials [24] 
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to 

<*- -5 (i+r) !^ (25) 

q = ^[l + n k + 3c 2 M 2 cu A ] (26) 

For k — 0, these equations reduce to (17) and (18). Inspection of (25) reveals that for a 
closed universe (fife > 0) additional conditions should be satisfied with respect to the flat case. 
Specifically, the conditions jj > Q k and r > f^, or the reversed direction of the inequality for 
the both, must hold in order that u>\ remains negative. It is interesting to note that contrary 
to the flat case, the relation (25) allows a non-interacting limit. It means that for an open 
universe (Q k < 0), Y = still gives a consistent result. For a closed universe, the same is true 
if r < Jlfc. 

Secondly, in the Brans-Dicke parametrization, (19) and (22) generalize to 

= n An + 2)j - (2n + 3)n - n 2 cu + Vj^H^ ~ 2^ fc 
^ A 1 j 3[n-(n + 2)r]-n 2 w-y( ( /)) J f/- 2 0- 1 -6^ 1 j 

g = ^{1 + n(n + 2) + l -n 2 uj + Q k + 3c 2 M 2 ^" 1 - ^V^H' 2 ^ 1 } (28) 

It seems that introducing the curvature density in (27) does not alter seriously our qualitative 
picture of the equation of state parameter. However, we should set further conditions to 
have lua < 0. We should have (n + 2)^ + > (2n + 3)n + n 2 u> + 2f2 fe together with 

3(n + 2)r + n 2 u + -jj^ + 614 > 3n or the reversed direction for the both inequalities. In 
these conditions Q k = +1 or — 1 for a closed and open universe, respectively. Inspection of the 
deceleration parameter in both cases reveals that the curvature density only affect the time of 
onset of the acceleration. For a closed universe the acceleration phase is delayed with respect 
to the flat case while for an open universe it starts in an earlier time. 



3 Conclusions 

We generalized holographic dark energy model to scalar-tensor theories of gravity. In our 
model, matter part consists of dark matter which is assumed to interact with the holographic 
dark energy. To explore the parameters u>\ and q, we restrict our attention to a specific 
functional form of F ((/)), namely F((f>) oc (fi a . We have also assumed that the evolution of the 
scalar field is related to that of the scale factor in such a way as oc a™. It is then shown 
that the desired behavior for u\ and q is possible for a wide range of the functions U (0) and 
V{4>). Specifically, we have considered two special cases. In the limit of the model to general 
relativity the results of [15] recovered in the flat case. In the case of non-flat spaces, however, 
we have shown that fl k gives possibility to uja to take negative values even for T = for both 
closed and open universes. 

We have also considered the limit to the Brans-Dicke model with a self-interacting scalar 
field. Although it is shown that for V(<p) = the equation of state parameter may have 
negative values and q can have a signature flip both in flat and curved spaces, the existence 
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of the potential function improves the behavior of these parameters. Specifically, it should be 
emphasized that the deceleration parameter can change its sign during cosmic evolution for 
both n > and n < 0, whereas in the case of zero potential it is only possible for n < [16]. 
It is shown that holographic energy is not compatible with phantom energy [25]. Thus we 
must impose ou > — 1. Combining this requirement with (27), results in 

> 2n 2 (o; + l)-(n + 2)^ + 8^ 

T ~ (n + 2) J + V^H- 2 ^- 1 - n 2 u - 2(n 2 + 3n + 3) - 2Vt k 1 ' 

This constraint can be satisfied, for instance, for a quartic potential at late times. 
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